This paper determines the total Stiefel-Whitney classes of vector bundles over the product of the real projective space RP(h) with the quaternionic projective space HP(k). As an application we prove that every involution fixing RP(2m + 1) × HP(k) bounds.
Introduction
The objective of this paper is to determine the total Stiefel-Whitney classes of vector bundles over the product of the real projective space RP(h) with the quaternionic projective space HP(k). Knowing these classes is crucial for bordism calculations involving the manifold RP(h) × HP(k), particularly in studying the classification of involutions for which some component of the fixed point set is RP(h) × HP(k).
The total Stiefel-Whitney classes of vector bundles over Dold manifolds, RP(h) × RP(k) or RP(h) × CP(k) (the product of the real projective space with the complex projective space) were determined in [1] , R.E. Stong's manuscript and [2] .
The main results of this paper are stated as follows
Theorem 1.1. Every vector bundle ξ over RP(h) × HP(k) has the total Stiefel-Whitney class of the form
where α ∈ H 1 (RP(h); Z 2 ), β ∈ H 4 (HP(k); Z 2 ) are nonzero classes, with ε = 0 or 1. In order that the exotic class α i β (2 s −i)/4 occurs, we must have ⎧ ⎪ ⎨ ⎪ ⎩ i = 2 j (2g + 1), j 2, h = 2 j (2g + 1) + x, 0 x < 2 j , 4k = 2 s − 2 j (2g + 1) + y, 0 y < 2 j . Remark 1.2. 2 j is the largest power of 2 in the common terms of the 2-adic expansion of h and 4k.
Using this theorem, we prove Theorem 1.3. There is no non-bounding involution (see [3, p. 79 
]) fixing RP(2m + 1) × HP(k).
The paper is organized as follows: In Section 2, we complete the proof of Theorem 1.1. As an application, in Section 3, we discuss the non-existence of non-bounding involutions fixing RP(2m + 1) × HP(k). Finally, we have a corollary that every involution fixing RP(2m + 1) × HP(k) bounds.
Throughout this paper, the coefficient group is Z 2 (the integers mod 2) and all manifolds and involutions are smooth. Binomial coefficients are m n = m!/n!(m − n)!.
Characteristic classes of the vector bundles
Over RP(h) × HP(k) we have a line bundle l α which is the pullback of the canonical line bundle over RP(h) with total Stiefel-Whitney class u(l α ) = 1 + α and a 4-dimensional bundle L β which is the pullback of the canonical quaternionic line bundle over HP(k) with total Stiefel-Whitney class u(L β ) = 1 + β, where α ∈ H 1 (RP(h); Z 2 ), β ∈ H 4 (HP(k); Z 2 ) are nonzero classes. 
. , u n (η) ,
we have u(l α ⊗ L β ) = P (1, 4) (u 1 (l α ), u 1 (L β ), . . . , u 4 (L β )). Since P (1, 4) (σ 1 , σ 1 , . . . , σ 4 ) = P (1, 4) 
Lemma 2.2. Suppose the total Stiefel-Whitney class of a vector bundle ξ has the form u(ξ ) = 1 + u 2 s + higher terms, then
Proof. If 0 < l < 2 s−1 , then u 2 s−1 +l = 0. From the Wu formula
for Steenrod operations on Stiefel-Whitney classes, it follows that for 0 < l < 2 s−1 ,
Proof of Theorem 1.1. Let l α , L β as above. We write aξ for ξ ⊕ · · · ⊕ ξ
By subtracting multiples of these bundles, we may find a sum of vector bundles η with u(ξ − η) = 1 + u 16 + higher terms. Proceeding inductively, we may suppose there is a sum of vector bundles η such that 
On the other hand, Sq 2 j (α h β (2 s −h )/4 ) = 0 if h is an even multiple of 2 j . So (2 s 
However if h , h are odd multiples of 2 j and h
From Lemma 2.2 ( * ), we know that for 0 < l < 2 s−1 , u 2 s +l = 0. For l 2 s−1 , suppose that u 2 s +l contains a monomial α v β v with v 
Proof. Since ν is non-bounding, it must contain a nonzero characteristic number. A nonzero characteristic number must contain the monomial α 2m+1 β k . Since the total Stiefel-Whitney class of RP(2m + 1) × HP(k) is of the form w = (1 + α) 2m+2 (1 + β) k+1 which contains only even powers of α, the class u must involve an odd power of α. From Theorem 1.1, we know that i is even, so the odd power of α can only be given by (1 + α) a , thus a is odd. 2
Non-existence of the non-bounding involutions
Following Conner [3] , suppose (M, T ) is a closed manifold M with involution T , the fixed point set of T is F = {x ∈ M | T (x) = x} (not necessarily connected). Let ν denote the normal bundle of F in M. It is known that the bordism class of (M, T ) is determined by the bordism class of the bundle (F, ν) . Further, the real projective space bundle RP(ν) bounds in the bordism of RP ∞ , where the map into RP ∞ classifies the double cover of RP(ν) by the sphere bundle S(ν). Conversely, being given a vector bundle ξ over F for which RP(ξ ) bounds in the sense just described, there is an involution fixing F with normal bundle ν = ξ .
In 1962 Steenrod posed a question to P.E. Conner: Given a smooth closed manifold F , not necessarily connected, does there exist a non-trivial smooth involution T on a smooth closed manifold M with F as its fixed point set? Given a particular F , can we identify all involutions and manifolds (M, T ) with F as the fixed point set?
When F = RP(2m + 1) × HP(k), by using Theorem 1.1 we answer the question up to bordism. When F are the disjoint union of some spaces, there have been many results, see [5] [6] [7] [8] [9] [10] . But for F being the product space, very few results are known, see [11, 12] . After determining the total Stiefel-Whitney classes of vector bundles over
E. Stong considered this question in his manuscript for F = RP(h) × RP(k). Following the work of Richeng Li [2], Jingyan Li and Yanying Wang considered this question for F = RP(2m + 1) × CP(k).
Since
where r is the dimension of ν) is the boundary of ξ r → V (for example, ν r and ξ r trivial), then the disc bundle of ξ r , Dξ r with the involution given by −1 in the fibers of ξ r has boundary Dν r ∪ Sξ r . The involution induced is −1 in the fibers of Sξ r which is free and on Dν r is −1 in the fibers, so fixes the zero section, which is RP(2m + 1) × HP(k). The normal bundle of this involution is ν r . Hence there is a bounding involution (M 2m+1+4k+r , T ) fixing RP(2m + 1) × HP(k) for each r 0. But we are interested in whether there is a non-bounding involution fixing
For our purpose, we recall some general results about the bordism of involutions. The mod 2 cohomology of RP(2m + 1) × HP(k) is given by
where α is the 1-dimensional class coming from RP(2m + 1) and β is the 4-dimensional class coming from HP(k).
The total Stiefel-Whitney class of RP(2m + 1) × HP(k) is given by
and we let
denote the total Stiefel-Whitney class of ν r . Then the cohomology of RP(ν r ) is
and the total Stiefel-Whitney class of RP(ν r ) is given by
where c ∈ H 1 (RP(ν r ); Z 2 ) is the Stiefel-Whitney class for the double cover of RP(ν r ) by S(ν r ) (see [3, p. 75] ). The class of RP(ν r ) in the bordism of RP ∞ is then determined by the characteristic numbers
,
To find the value of such numbers, we have a formula of Conner [13, (3.1) ]
where i + 4j + t = 2m + 1 + 4k + r − 1 and u = 1/u is the dual Stiefel-Whitney class of ν r . It is convenient to introduce the following characteristic classes which were initially introduced in [14] : In particular,
Suppose (M 2m+1+4k+r , T ) is an involution fixing RP(2m + 1) × HP(k) with r 2m + 1 + 4k, from [15] we know that the involution bounds. For r = 0 or r = 1, it is not difficult to prove that every involution bounds. Then we could make assumption that 1 < r < 2m + 1 + 4k. The proof of the non-existence of non-bounding involutions fixing RP(2m + 1) × HP(k) is divided into two cases:
(I) The case k = 2n
Proposition 3.1. There is no non-bounding involution fixing RP(2m + 1) × HP(2n).
Proof. If there is a non-bounding involution fixing RP(2m + 1) × HP(2n), then the normal bundle ν r is non-bounding, from Corollary 2.3, a is odd, then
where
, the top-dimensional class in the last factor is rc r−1 + (r − 1) · u 1 c r−2 + · · · + u r−1 . Thus
is the top-dimensional class in w(RP(ν r )), then
For r odd, this is a nonzero characteristic number, but we know RP(ν r ) bounds, so this is a contradiction.
For r even,
which is nonzero, we also get a contradiction. So there is no non-bounding involution fixing RP(2m + 1) × HP(2n) 
(1) For 2m + 1 ≡ 1 (mod 4), let 2m + 1 = 4m + 1, u 2 s = u 4m +8n+4 = u 4m +8n+4 + α 4m β 2n+1 . We assert: u 4m +8n+4 = 0. If u 4m +8n+4 = 0, then u 4m +8n+4 = α 4m β 2n+1 = 0, so r 4m + 8n + 4. Since r < 4m 
which is a contradiction. So u 4m +8n+4 = 0, and it contains a monomial α i β j with i 4m + 1, j 2n + 1, i +4j = 4m +8n+4. Such a monomial must be α 4m β 2n+1 , i.e., u 2 s = u 4m +8n+4 = α 4m β 2n+1 = α 2m β 2n+1 , u 2 s = u 4m +8n+4 = 0.
(2) For 2m + 1 ≡ 3 (mod 4), let 2m + 1 = 4m + 3, u 2 s = u 4m +8n+4 = u 4m +8n+4 + α 4m β 2n+1 . We assert: u 4m +8n+4 = 0. If u 4m +8n+4 = 0, u 4m +8n+4 = α 4m β 2n+1 = 0, then 4m + 8n + 4 r < 4m + 3 + 8n + 4. 
which is a contradiction. So u 4m +8n+4 = 0, and it contains a monomial α i β j with i 4m
This lemma says that terms of the form α odd , α odd β odd , α odd β even , α even β odd , β odd in u can only be given by u . If b is even and d is odd, from Corollary 2.3, a is odd, we have
If b is odd and d is even,
For both cases, we have
where x, y, z are 0 or 1. Proof.
.
which is nonzero, so the bundle ν does not bound. Thus we may suppose 2m + 1 < 2 p +2 − 4, the following argument is divided into two cases:
( 
These nonzero characteristic numbers mean that the bundle is always non-bounding for u 8 
. We may write
If ε = 0 and 2 t < 2 p , the characteristic ring of the bundle is generated by the classes α, α 4 β + β 2 , β 2 t . If ε = 0 and 2 t 2 p , the characteristic ring of the bundle is generated by the classes α, α 4 β + β 2 , β 2 p .
If ε = 1, then writing 2 j < 2m + 1 < 2 j +1 , where 2 j is the largest common term of 2m + 1 and 8n For ε = 0 or ε = 1, if 2 t+2 − 4 < 2m + 1 < 2 p +2 − 4, then writing 2n + 1 = 2 t − 1 + 2 t l, we have
which means the bundle is non-bounding. Now we may suppose 2m + 1 < 2 t+2 − 4. If the class α i β (2 s 
the only possible characteristic number involving α 2 j β 2 p −2 j −2 which could be nonzero would be of the form
the value of this class is the coefficient of
it is nonzero if and only if y = 2 j −2 − 1, in this case 2m + 1 = 2 j +1 − 4 + x < 2 j +1 , then x < 4 and x is odd. So 2m
If ε = 0, or ε = 1 and 2m + 1 = 2 j +1 − 1, 2m + 1 = 2 j +1 − 3, then the characteristic numbers which could be nonzero would involve only polynomials in α, α 4 β + β 2 , β 2 k , where 2 k = min(2 t , 2 p ). We will prove that every characteristic number involving α, α 4 β + β 2 , β 2 k is zero.
Suppose there exist somex,ỹ andz such that
+ 2 k ·z = 2n + 1.
Ifx = 2m + 1, we have 2ỹ + 2 k ·z = 2n + 1, which is impossible since k 1. Ifx = 2m − 1, we have 4ỹ + 2 k +1 ·z = 4n + 3, which is impossible. Thusx < 2m − 1 andx is odd. 
Since c ∈ R * , we can solve inductively to get u i ∈ R * , for 1 i r. Then w j = 
terms with the power of α higher than 4.
where 
For r odd, this is a nonzero characteristic number, but we know RP(ν r ) bounds, so this is a contradiction. For r even,
which is nonzero, we also get a contradiction. So there is no non-bounding involution fixing RP(2m + 1) × HP(2n + 1) with 2 p = 2. Proof. In this case, α 4 = 0, from Lemma 3.3 we know that every involution fixing RP(2m + 1) × HP(2n + 1) has the total Stiefel-Whitney class u = (1 + α)(1 + β) b+d , where b and d are odd. Thus we cannot obtain any odd power of β from u and w, so there is no non-bounding involution fixing RP(2m + 1) × HP(2n + 1) for 1 2m + 1 3. 2 Combining Propositions 3.1, 3.6, 3.9, 3.10 and 3.11 together, we have Theorem 1.3. So it is immediate to have the following 
